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An n-partite tournament, n 3 2, or multipartite tournament is an oriented graph 
obtained by orienting each edge of a complete n-partite graph. The cycle structure 
of multipartite tournaments is investigated and properties of vertices with maxi- 
mum score are studied. 0 1991 Academic Press, Inc. 
1. INTRODUCTION 
A tournament is a directed graph obtained by assigning a unique 
orientation to each edge of a complete graph, while a bipartite tournament 
is obtained by orienting the edges of a complete bipartite graph. More 
generally, an n-partite tournament (n 3 2) or multipartite tournament is 
obtained by orienting the edges of a complete n-partite graph. Thus, a 
tournament of order p is a p-partite tournament each of whose partite 
sets consists of a single vertex, whereas a bipartite tournament is simply a 
2-partite tournament. 
An n-partite tournament can be used to represent the results of 
competitions. While round-robin competitions give rise to tournaments, 
competitions between n teams in which each player competes once with 
each player in the remaining n - 1 teams give rise to n-partite tournaments. 
Tournaments have received extensive attention in the literature. Two 
excellent references are the book by Moon [ 131 and an article by Harary 
and Moser [ 121. Bipartite tournaments have also been studied con- 
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siderably (see [l-9]). Some results on n-partite tournaments appear in 
Moon [ 13, p. 631. The goal here is to present extensions of some results 
that are known for tournaments or bipartite tournaments. For basic graph 
theory terminology we follow [ 111. 
2. CYCLE STRUCTUREOF MULTIPARTITE TOURNAMENTS 
The cycle structure of tournaments and bipartite tournaments has been 
explored a great deal in the literature. The focus here is on the cycle struc- 
ture of multipartite tournaments. We begin by considering the existence of 
short cycles in n-partite tournaments, where n > 3. 
THEOREM 1. Let T be an n-partite tournament, n 2 3. Then T contains a 
3-cycle if and only if there exists a cycle in T that contains vertices from at 
least three partite sets. 
ProoJ If T contains a 3-cycle, then there exists a cycle in T that 
contains vertices from (at least) three partite sets. 
For the converse, suppose that T is a tournament that has a cycle 
containing vertices from three distinct partite sets. Let C be a shortest such 
cycle. Then there exist three consecutive vertices X, y, z on C that belong 
to three distinct partite sets of T, say X, Y, and Z, respectively. 
Suppose that C is not a 3-cycle. Then (x, z) E E(T); otherwise, X, y, z, x 
is a 3-cycle of T that contains vertices from three partite sets, which 
contradicts our assumption about C. Let C’ = (C - y) + (x, z). Then C’ is 
a shorter cycle than C and therefore contains only vertices from two partite 
sets, namely, X and Z. Let u be the successor of z in C. Then u E X. Observe 
that (y, U) E E(T); otherwise, y, z, u, y is a 3-cycle of T that contains 
vertices from three partite sets. Let C” = (C - z) + (y, u). Then C” is a 
cycle that contains vertices from at least three partite sets, namely, X, Y, 
and Z, and C” is shorter than C. This contradiction shows that C itself 
must be a 3-cycle. 1 
The next result shows that an n-partite tournament (n > 3) that contains 
a cycle but not a 3-cycle must contain a 4-cycle. 
THEOREM 2. Let T be an n-partite tournament, n 2 3. If u is a vertex of 
T that belongs to a cycle, then u belongs to a 3-cycle or a 4-cycle of T. 
Proof Let C be a shortest cycle of T that contains u and suppose that 
C is not a 3-cycle. Let u, x, y, z be the subpath of length 3 in C that begins 
with u. Observe that (u, y) # E(T); otherwise, C’ = (C - x) + (u, y) is a 
shorter cycle than C and C’ contains u. Further, (y, u) $ E( T); otherwise 
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u, X, y, u is a 3-cycle that contains u. Hence u and y belong to the same 
partite set of T. However, then u and z belong to distinct partite sets 
of T. Necessarily, (z, u) E E(T); otherwise, C” = (C - (x, y } ) + (u, z) is a 
shorter cycle than C that contains u. Hence u, X, y, z, u is a 4-cycle that 
contains u. 1 
A well-known result due to Camion [lo] states that every strongly 
connected tournament is hamiltonian. Harary and Moser [12] extended 
this result and showed that a strongly connected tournament of order p 2 3 
contains a k-cycle for every k, with 3 <k d p; while Moon [13] showed 
that strongly connected tournaments are vertex-pancyclic; i.e., every vertex 
of a strongly connected tournament lies on a k-cycle for every k, with 
3 <k < p. Such an abundance of cycles need no longer be present in 
strongly connected n-partite tournaments that are not themselves tour- 
naments. For example, the 3-partite tournament T, of Fig. 1 is hamiltonian 
and thus strongly connected but the vertex x does not lie on a 3-cycle. 
Further, the 3-partite tournament TX of Fig. 1 with partite sets (ul, u,}, 
IV 1, v,), and (wl, w2} is also hamiltonian but u1 does not lie on a 4-cycle. 
The following result, which we state without proof, will aid us in 
establishing that every strongly connected n-partite tournament (n > 3) 
contains a 3-cycle. 
LEMMA 1. Let T be a strongly connected n-partite tournament, n > 3, 
with partite sets VO, V, , . . . . Va-l and where To= (ViV Vj>, O<i<j< 
n-l. Then 
(i) every two vertices from distinct partite sets lie on a common cycle; 
(ii) if Tii (i< j) is not strongly connected, then there is a cycle that 
contains vertices from Vi, Vj and at least one other partite set; and 
(iii) if i, j, and k are integers with i < j < k such that TV, Tik, and Tjk 
are strongly connected, then there is a cycle that contains vertices from Vi, 
Vj, and V, and no other partite sets. 
As a consequence of Lemma 1 and Theorem 1 we have the following. 
T : 1 
u 
W 
A X V 
T : 2 
FIGURE 1 
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COROLLARY 1. If an n-partite tournament T (n > 3 ) is strongly con- 
nected, then it contains a 3-cycle. 
We now investigate the number of 3-cycles in n-partite tournaments 
(n 2 3). We begin by introducing some useful terminology. If T is an 
n-partite tournament, n > 3 (with partite sets VO, V,, . . . . Vn- i), then the 
score S(V) of a vertex u in T is its outdegree in T, while the score vector of 
v is the n-tuple (so(v), sl(v), . . . . s,-~ (v)), where si(v) denotes the number of 
vertices in Vi to which v is adjacent (0 < i < n - 1). Of course, si(v) = 0 if 
v E Vi. The score sequence of an n-partite tournament having vertices 
Vl, Q, “., vP is the sequence s(vl), s(v2), . . . . s( II,,). A receiver is a vertex of 
outdegree zero, while a transmitter is a vertex of indegree zero. A tripZe in 
an n-partite tournament T, n 2 3, is a set of three vertices (u, v, w> of T 
such that u, v, and w  belong to different partite sets, while a transitive triple 
is a triple of T that does not induce a 3-cycle in T. For example, in the 
tournament T, of Fig. 1, (u, w, X) is not a triple, but (u, v, X} is a triple 
which is also a transitive triple. It is well known (see [12]) that the number 
of 3-cycles in a tournament T of order p is 
bP(P- l)(P-24 1 s(v)(s(v)- I), 
DE V(T) 
which is the number of triples in T minus the number of transitive triples 
in T. However, score sequences do not determine the number of 3-cycles 
for all n-partite tournaments. For example, if T1 and T2 are the 3-partite 
tournaments of Fig. 2 (both obtained by orienting the edges of the com- 
plete 3-partite graph K2,2,2 ), then T1 and T2 both have the score sequence 
2, 2, 2, 2, 2, 2. However, T, has eight 3-cycles while T2 has only five 
3-cycles. 
We now give a formula for the number of 3-cycles in an n-partite tourna- 
ment, n 3 3. 
THEOREM 3. Let T be an n-partite tournament, n 2 3, having partite sets 
vo, v, , **-, V,, _ 1. Then the number of 3-cycles in T is given by 
c IVil IVjl Ykl - 1 1 si(+qo 
O<i<j<k<n-1 UEV(T) i<j 
FIGURE 2 
288 GODDARDETAL. 
ProoJ It is not difhcult to see that T has 
c 
triples. 
O<i<jtk<n-1 
We next observe that if (u, u, w} is a transitive triple, then this set 
contains exactly one vertex that is adjacent to the other two vertices in the 
triple. The number of transitive triples containing a given vertex v in which 
v is adjacent to the remaining two vertices in the triple is Ci< j Si(2)) si( V). 
Therefore, the number of transitive triples in T is 
1 1 si(v)sj(v)* 
DE V(T) ic j  
The required formula now follows from the fact that the number of 
3-cycles in an n-partite tournament T (n > 3) is equal to the number of 
triples in T minus the number of transitive triples in T. B 
In the special case of 3-partite tournaments, we have the following result. 
COROLLARY 2. Let T be a 3-partite tournament with partite sets Vo, V,, 
and Vz. Then 
(i) the number of transitive triples of T is given by 
si+ lC”) ‘si+2(uL 
i=O UEV, 
where indices are expressed modulo 3; and 
(ii) the number of 3-cycles of T is given by 
1’01 I v1l I v21 - i 1 si+l(“)‘si+2(v)* 
i= 0 DE V, 
We now focus on 3-partite tournaments and determine, for these tour- 
naments, the maximum number of 3-cycles and transitive triples when such 
a tournament is or is not strongly connected. 
If T, is the 3-partite tournament of Fig. 3 with partite sets V,, V,, and 
FIGURE 3 
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V*, where every vertex of V’/i is adjacent to every vertex of Vi + 1 for 
i = 0, 1,2 (modulo 3), then T, has no transitive triples and 1 VOl ( V1 1 1 VzI 
3-cycles. On the other hand, if T2 is the tournament of Fig. 3 having partite 
sets VO, Vi, and Vz such that every vertex of V0 is adjacent to every vertex 
in V, u V, and every vertex of V1 is adjacent to every vertex in V,, then 
T2 contains no 3-cycles and therefore has I I/o/ I V1) 1 I’,[ transitive triples. 
Observe that, while the tournament T, of Fig. 3 is strongly connected, 
the tournament T2 is not. In fact, we know from Corollary 1 that every 
strongly connected 3-partite tournament with partite sets VO, VI, and V, 
cannot contain I VOl I V’,[ ( V,l transitive triples. However, we do have the 
following. 
THEOREM 4. If T is a strongly connected 3-partite tournament with 
partite sets VO, V1, and V2, then the maximum number of transitive triples 
in T is lVOl IV11 IV21 -1 unless IV01 = IV11 = lVzl =2, in which case T has 
at most 1 VOl (V,] (V,l - 2 = 6 transitive triples. 
Prooj We already know from Corollary 1 that every strongly con- 
nected n-partite tournament, n >, 3, contains a 3-cycle. Hece, a strongly 
connected 3-partite tournament T with partite sets V,, V1, and V, contains 
at most I V,l 1 V,I I V,( - 1 transitive triples. 
We show now that if pO, pl, and pz are positive integers such that 
p. d p1 < p2, then there exists a strongly connected 3-partite tournament T 
with partite sets Vo, I/,, and V2 such that I Vi/ = pi (i = 0, 1,2) and such 
that T has popI p2 - 1 transitive triples unless p. = p1 = p2 = 2, in which 
case T has pop1 p2 - 2 = 6 transitive triples. 
Assume first that p2 > 3. Let V,, V1, and V, be disjoint sets of vertices 
with IVil=pi(O~ii2).LetxEV0,yEV1,andu,v,wEV2.Let Tbethe 
3-partite tournament with partite sets V,, V1, and V2 in which each vertex 
in V, is adjacent to each vertex in V, u V, and each vertex in V, is 
adjacent to each vertex in V1 with the following exceptions: 
(i) y is adjacent to w  and each vertex of V1 - {y} is adjacent to v; 
and 
(ii) w  is adjacent to x and u is adjacent to each vertex b E V. - {x> 
(see Fig. 4). 
Then T is strongly connected and contains exactly one 3-cycle, namely 
X, y, w, x. Hence T has I V,l I V1 I I V,I - 1 transitive triples. 
Assume now that p2 < 2. Then the sequence po, pl, p2 is one of the 
following four sequences: (i) 1, 1, 1; (ii) 1, 1, 2; (iv) 2, 2, 2. In the first three 
cases, the strongly connected 3-partite tournaments T, , T2, and T, of 
Fig. 5 have popI p2 - 1 transitive triples. 
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T: 
FIGURE 4 
Suppose now that T is a strongly connected 3-partite tournament with 
a maximum number of transitive triples and has K2,2,2 as its underlying 
graph, and let V,,, V,, and I’, be the partite sets of T. If T has seven 
transitive triples, then cf= 0 CUE V, si+ 1(~) si+ 2(v) = 7. If u is a vertex 
in Vi, i = 0, 1,2, then it follows, since T is strongly connected, that 
1 ~S(U)=Si+l(U)+Si+2(21)d3, O<S~+,(U)<~ and O<si+z(u)<2- We 
deduce that s~+~(~)+s,+~(u)),s~+~(u)s~+~(u)+ 1, so that 
c odv= c s(v)a7+6=13, 
VE V(T) VE V(T) 
which is not possible. Hence T has at most six transitive triples. The 
strongly connected 3-partite tournament of Fig. 6 has K2,2,2 as its 
underlying graph and contains six transitive triples. 1 
Harary and Moser [ 121 showed that every strongly connected tourna- 
ment of order p > 3 contains at least p - 2 3-cycles. They have also shown 
Ty 
FIGURE 5 
ON MULTIPARTITE TOURNAMENTS 291 
T: 
FIGURE 6 
that this bound is attainable; i.e., there exist strongly connected tour- 
naments with exactly p - 2 3-cycles. We pose the following questions: Does 
every strongly connected n-partite tournament, n > 3, have at least n - 2 
3-cycles? If so, is this bound on the number of 3-cycles in a strongly 
connected n-partite tournament, n 2 3, best possible? These questions have 
been answered in the affirmative in two special cases, namely, the case 
where each partite set has exactly one vertex (this was verified in [ 121) and 
the case n = 3 (which is answered in Theorem 4). 
We now turn to the problem of determining which cycle lengths are 
guaranteed by the existence of a k-cycle in an n-partite tournament. If a 
tournament contains a k-cycle, then it also contains a t-cycle for every 
t = 3, 4, . ..) k, because the vertices of such a k-cycle induce a strongly con- 
nected tournament of order k which, as we know, is vertex pancyclic. In the 
case of bipartite tournaments, a k-cycle, of course, does not guarantee the 
existence of a t-cycle for every t = 3, 4, . . . . k, since bipartite tournaments do 
not contain odd cycles. However, Beineke and Little [S] showed that a 
k-cycle in a bipartite tournament guarantees the existence of cycles of all 
even lengths less than k provided the k-cycle does not induce one special 
digraph denoted by Far. The digraph Fdr has vertices vl, u2, . . . . udr and arcs 
(ui, vj) for those i and j satisfying j - i - 1 (mod 4) (see Fig. 7). Note, 
however, that Far contains cycles of lengths t = 4,8, . . . . 4r = k. 
FIGURE 7 
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If T is an n-partite tournament (n 2 3) having a k-cycle that contains 
vertices from exactly two partite sets, then the problem of determining the 
lengths of cycles that are guaranteed by the existence of this k-cycle was 
solved by Beineke and Little [S]. We now turn our attention to k-cycles 
in n-partite tournaments (n 2 3) that contain vertices from at least three 
partite sets. To aid us in our discussions we introduce some conventions 
and additional terminology. Given a cycle of length k, we will assume that 
its vertices are uO, ul, . . . . uk _ 1 and its arcs are (vi, vi+ 1) for i = 0, 1, . . . . k - 1 
(where indices are expressed modulo k). An arc that joins a vertex 21i to a 
vertex Ui+[+ 1 is called an l-skipper. 
THEOREM 5. Let T be an n-partite tournament, n > 3. If T has a cycle of 
length k >4 that contains vertices from at least three distinct partite sets, 
then T contains a cycle of length k - 1, k - 2, or k - 3. 
ProoJ If k = 4, 5, or 6, then the result follows from Theorem 1. Assume 
thus that k > 7. If the cycle has a l-skipper, 2-skipper, or 3-skipper, then 
the theorem holds. We therefore assume that the cycle has no i-skipper, for 
i = 1, 2, 3. Since the cycle contains vertices from at least three partite sets, 
there exist three consecutive vertices on the cycle that belong to three 
distinct partite sets. Thus, we may assume vi E X, Vi+ 1 E Y, and Vi+ 2 E 2, 
where X, Y, and 2 are three partite sets of T. 
Assume first that ViE X for ir 0 (mod 3), v,E Y for i = 1 (mod 3), and 
viEZfori-2(mod3),andthatk~O(mod3).Thenv,,v,_,,v,_,,~~-~, 
vk-5, vk-4, vk-6, *--, u6, v4, v2, v. is a cycle of length k - 3 (see Fig. 8). 
In the remaining case there exist four consecutive vertices on the cycle, 
say vi, vi+17 vi+2, Vi+3 such that ViEX, vi+lE Y, vi+2EZ, and vi+34X. 
We may assume that i = 0. Beginning at vo, we will construct a v. - v1 path 
vk-6 
FIGURE 8 
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P, where 2 < I!< 6, that contains all the vertices vI, v/+ 1, . . . . vk- 1, and vo. 
The path P will be constructed by repeatedly adding v, - v,+ subpaths, 
where j = 3, 4, or 5, depending on which one of the following three cases 
describes the v,-~ - v, subpath of the cycle. 
Assume that v,- s E A, v, _ 4 EB, v,-~EC, v,-~ED, v,-,EE, and v,EF, 
where A, B, C, D, E, and F are (not necessarily distinct) partite sets of T. 
Case 1. Suppose C = I;: 
Then C # E and D # F. In this case j = 3 and the v, - v,-~ subpath added 
to construct P is v,, v,-~, v,-~, vrY3 (see also Fig. 9(a)). 
Case 2. Suppose C # F and B # E. 
In this case j= 4 and the v, - v,-~ subpath added to construct P is v,, 
V r-37 V r-27 V r- 17 V r--4 (see also Fig. 9(b)). 
Case 3. Suppose C # I; and B = E. 
Then necessarily A # E and B # F. In this case j = 5 and the v, - v,-~ 
subpath added to construct P is v,, v,-~, v,-~, v,-~, v,-, , v,- 5 (see also 
Fig. 9(c)). 
Suppose now that the v. - vI path P has been constructed with the aid 
of the above three cases, where 2 < I < 6. 
If 1 = 2 or 3, then P followed by the arc (v,, v,) or (v,, vo), respectively, 
produces a cycle of length k - 1 or k - 2, so that the theorem follows in 
these two cases. 
cc> ,c---- / 
V r-4 / 
'V V 
V v .\ 
r-5 : s;’ 
r-3 r-2 r-l 
- n n . 
~jc--~jL-3+-G ' - 
V r 
\ 
\ . . 
--+---- 
/ 
FIGURE 9 
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If I = 4 and u4 # X, then P followed by (uq, u,) produces a cycle of length 
k - 3. If I= 4 and uq E X, then P followed by the path v4, v2, u0 produces 
a cycle of length k - 2. 
Assume next that I = 5. Since u5 is adjacent to either 2~~ or v3, the path 
P followed by u5, u2, u0 or us, u3, o. produces a cycle of length k - 3. 
Finally, assume that I = 6. If ug $2, then P followed by us, v,, u3, o. 
produces a cycle of length k - 3. If vg E 2 and vq # X, then P followed by ug, 
v3, v4, u. produces a cycle of length k - 3. If ug E 2 and uq E X, then P 
followed by v,, u3, u,, v~, u. produces a cycle of length k - 2. 1 
With the aid of arguments that are more complicated, but nevertheless 
similar to those employed in the proof of Theorem 5, the following result 
can be established. 
THEOREM 6. Let T be an n-partite tournament, n 2 3. Suppose that T has 
a k-cycle, k 2 5, that contains vertices from at least three distinct partite sets. 
Then T contains a cycle of length k - 2 or k - 3. 
We now show that the results in Theorem 6 are best possible in the 
following sense. Given k = 3s, for some integer s > 1, there exists an 
n-partite tournament having cycles of lengths k and k - 3, but no cycle of 
length k- 2. Further, for each odd integer k >/ 9, there exists an n-partite 
tournament having cycles of lengths k and k - 2, but no cycle of length 
k-3. 
Suppose first that k = 3s for some s > 1. Let V,, Vi, I/,, . . . . Vn _ 1 be dis- 
joint nonempty sets of vertices, where 1 V,l = 1 V, 1 = I V,I = s. Let T be the 
n-partite tournament obtained by first joining every vertex in Vi to every 
vertex in Vi+ 1 for i = 0, 1, 2 (indices expressed modulo 3), next joining 
every vertex of V. u Z’/l u V, to every vertex in V, u V, u . . . u V, _ i , and 
finally, for j = 3, 4, . . . . n - 2, joining all vertices of l/j to all vertices of Vm, 
where m= j+ 1, j+2, . . . . n - 1 (see Fig. 10). Then T has a k-cycle and a 
(k - 3)-cycle, but T has no k - 2 cycle. 
Suppose k = 2r + 1 for some r > 3. Let Vo, V,, V,, . . . . l/n- i be disjoint 
nonempty sets of vertices such that I V,l = 1 and 1 V, 1 = 1 V,] = r. Suppose 
that vi, v2, . . . . u, are the vertices of V, and that ui, u2, . . . . u, are the vertices 
of V2 while V. = (U >. Join every vertex of V, to v and then join u to every 
vertex of V,. For i= 1, 2, . . . . r, join Ui to Vj for j > i. All remaining arcs that 
join vertices of V1 and V, are directed from V, to V2. Finally, join every 
vertex of V, u Vi u V, to every vertex in V, u V, u e-a u V, _ i and for 
j = 3, 4, . . . . n - 2, join all vertices of I/i to all vertices of V,, where 
m = ji- 1, j-I- 2, . . . . n - 1 (see Fig. 11). Then the resulting tournament T has 
a k-cycle, namely, U, ul, II i, u2, v2, . . . . u,, u,, u and a (k - 2)-cycle V, ul, 
Vl, u2, 02, “‘, u,-1, 0,-l, U, but T has no (k - 3)-cycle. 
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T: 
FIGURE 10 
3. PROPERTIES OF VERTICES WITH HIGH SCORE 
Let u and u be vertices of an n-partite tournament T. If there exists a 
u - u path of length k in T, then we say that u indirectly defeats v in at most 
k steps. If k is the length of a shortest u-v path, then we say that u 
indirectly defeats v in k steps and if k = 1, then we say u defeats v. The 
eccentricity of the vertex u is the maximum distance between u and v, where 
the maximum is taken over all vertices v in T. It is well known (see [12]) 
V 
V r 0 ; O ur 
II 
FIGURE 11 
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that a vertex of maximum score in a tournament indirectly defeats every 
other vertex in at most two steps. Recall that in a multipartite tournament 
the vertices within the same partite set are ranked from highest to lowest 
according to their scores, where a vertex of maximum score receives the 
highest ranking, i.e., such a vertex is ranked first and a vertex of minimum 
score is ranked last. Of course, ties are possible. We now present several 
results for multipartite tournaments that extend the above mentioned result 
on tournaments. 
The following result is easily established. 
THEOREM 7. Let u and v be vertices in the same partite set of an n-partite 
tournament, n 2 2, such that s(u) > s(v). Then either u indirectly defeats v in 
two steps, or s(u) = s(v) and u and v defeat the same vertices. 
When u has maximum score, we can say more. 
THEOREM 8. Let T be a bipartite tournament without transmitters. If u is 
a vertex of maximum score among the vertices in the same partite set of T, 
then u indirectly defeats every other vertex of T in at most four steps. 
Proof: Let U and I/ be the partite sets of T and assume that u E U. Let 
V’ be the set of vertices of V to which u is adjacent. Consider a vertex v E V. 
If v E V’, then u defeats v. On the other hand, if v E I/-- V’, then there exists 
u’ E U such that u’ is adjacent to v (otherwise v is a transmitter). Since u 
has maximum score among the vertices of U, there exists some v’ E V’ 
adjacent to u’ and thus u, v’, u’, v is a u - v path of length 3. Hence, if v E V, 
then u defeats v indirectly in one or three steps. 
Suppose now that v E U - {u}. Then v must be defeated by some vertex 
z E V, since there are no transmitters. But u defeats z in at most three steps 
so it follows that u defeats v in at most four steps. [ 
We show next that for every even integer p 2 4, there exists a strongly 
connected bipartite tournament T of order p such that the distance between 
at least one pair of vertices of T is p - 1. Suppose that p = 2m. Let T be the 
bipartite tournament of order p having partite sets U = (ul, u2, . . . . u,} and 
If= {Vl, f-J27 “‘, v,} and arc set E(T)= {(ui, Vi)] 1 <i<m} u {(ui, vj)l 
1 fidm andj=i+2, i+3, . . . . m}u((v,,u,)~l~i~m andj=i+l,i+2, 
. . . . m} U {(Vi, Ui-1)12Gidm}. 
Observe that C: u,,, v,, u,- 1, v,- 1, . . . . u2, v2, ul, vl, u, is a 
hamiltonian cycle of T, implying that T is strongly connected. Further, 
c- (Vl, u,) is a shortest u, - v 1 path and has length p - 1. This example 
serves to illustrate that while the eccentricity of a vertex of maximum score 
(in a given partite set of a strong bipartite tournament and thus a bipartite 
tournament without a transmitter or receiver) is at most 4, the eccentricity 
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of a vertex that does not have maximum score may be p - 1, where p is the 
order of the tournament. 
In the case of n-partite tournaments (n 2 3) without transmitters, there is 
no analogue to Theorem 8. In fact, the 3-partite tournament of Fig. 12 
shows that there need not be a path from a vertex of maximum score to 
all other vertices of the tournament. The arcs not shown are directed from 
(u,, uq) to (u, vl, u2) and from {u3, vq} to (u, ul, uz}. In this example, 
there is no path from u to ui or from ZJ to Ui for i= 3,4. 
Our next result shows that the eccentricity of a vertex of maximum score 
in a strongly connected 3-partite tournament is bounded by an expression 
involving the order of the 3-partite tournament. 
THEOREM 9. Let T be a strongly connected 3-partite tournament of order 
p > 8. If v is a vertex of maximum score in T, then the eccentricity of v is 
at most rp/2J and this bound is best possible. 
Proox Suppose that u is a vertex whose distance from v is a maximum. 
Let P: v = vO, v,, . . . . v1 = u be a shortest v - u path in T. We will show that 
16 rim 
Observe that vi is not adjacent to vj, where j> i+ 1 for 0 < i < I- 1; 
otherwise, T contains a shorter v-u path. Suppose X, Y, and 2 are the 
partite sets of T, and assume that VIE X. Let Y’ and 2’ be the sets of 
vertices of Y and 2, respectively, that are adjacent from v. but that do not 
contain v1 (see Fig. 13). Then s(v) = s(vo) = 1 Y’I + 12’1 + 1. Moreover, for 
i 2 3 either vi E 2 and vi is adjacent to all vertices of Y’, or vi E Y and vi is 
adjacent to all vertices of Z’, or vi E X and vi is adjacent to all vertices of 
Y’ u Z’. If I< 4, then the theorem follows. Assume thus that Ia 5. Then 
vi $ X for i 2 3. To see this, suppose that vi E X, where i 2 3 and i is as small 
as possible. If i< Z, then 21, is adjacent to vi+ i, vi, and every vertex in 
Y’ u Z’. If i = Z, then vi is adjacent to at least two vertices v~, where j< 1 
and to every vertex in Y’ u Z’. Thus, in either case, s(vi) > s(v), which is 
FIGURE 12 
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FIGURE 13 
not possible. Thus vi E Y or ui E 2 for i 2 3. Therefore, uI E Y or V[E 2, say 
the former. Then II- 1 E Z. Observe that every vertex of Y’ u Z’ and every 
vertex of P except v~-~ and vl- 1 is adjacent from at least one of II- 1 or 
vl. Furthermore, v = v0 is adjacent from both vi- I and v~. Hence, 
S(V& 1) + s(q) > I+ I Y’I + JZ’I. 
But 
2( 1 Y’I + IZ’I + 1) = 2s(v) 2 S(V/- 1) + S(Vj), 
so that I Y’I + IZ’I + 2 2 1. Since p 2 I Y’I + IZ’I + I+ 1, it follows that 
p + 12 21 or, equivalently, that 16 rp/21. 
We show next that for every integer p > 8, there exists a strongly con- 
nected 3-partite tournament T that contains a vertex of maximum score and 
eccentricity rp/21. Let I= [p/21 and suppose that V is a set of p vertices 
that contains the vertices vO, vl, v2, . . . . vl. Partition the vertices of V- 
(vo, 01, v2, *-*, vl} into two nonempty sets Y’ and Z’ such that I Y’I = Lp/4 J. 
Define X= (vO>, Y= Y’u { iI v i is odd and 1 <i<l> and Z=Z’u (vi/i is 
even and 1 < id I>. Let T be the 3-partite tournament having partite sets 
X, Y, and Z and arc set {(II,, U)~UE Y’uZ’u (II,}} u ((vi, v,)l2<i<Z) 
U {(Vi, Vj+,)ll <i<l- l} U ((JJ’, V2)ly’E Y’> U {(Z’, V1)IZ’EZ’) U 
((y’, Z’)I y’~ Y’, Z’EZ’} U ((Vj, Z’)I i odd and 3<i<l and z’EZ’} u 
((Vj,y’)Iievenand4~i~Zandy’EY’}u{(vj,vj)Iioddand3~i~Eand 
jeven andi<i-3)u ((vj,u,)I ievenand4di<Zandjoddandj<i-3) 
(see Fig. 13). Then T is strongly connected and v0 is a vertex of maximum 
score in T that has eccentricity rp/21. 1 
Moreover, slightly more general results can be verified. 
THEOREM 10. Let T be a strongly connected 3-partite tournament of 
order p and suppose that v is a vertex of maximum score that belongs to a 
partite set of cardinality pl. If p - p1 , > 7 then the eccentricity of v is at most , 
(p - p1 + 2)/2. Furthermore, for any given pl, this bound is best possible. 
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ProoJ: We can use the same arguments as in the proof of Theorem 9. 
The only difference is that, instead of inequality p > 1 Y’I + 12’1 + 1+ 1, now 
we have pZ IY’l+ (2’1 +Z+pl. 1 
In Theorems 9 and 10, we showed that the eccentricity of a vertex of 
maximum score in a strongly connected 3-partite tournament T is not 
bounded by a fixed finite quantity, but rather by an expression that 
involves the order of T. However, we have the following result. 
THEOREM 11. Let T be a strongly connected n-partite tournament (n 2 3) 
and let v be a vertex of maximum score among all vertices in some fixed 
partite set. Then v indirectly defeats every other vertex in the same partite set 
as v in at most four steps. 
ProoJ: Suppose that there is a vertex u in the same partite set as v such 
that v indirectly defeats u in at least live steps. Let P: v = vo, vl, . . . . v1 = u be 
the shortest v - u path in T. We have the same situation as on Fig. 13 with 
Ia 5. Therefore, u defeats at least two vertices from the path P, and s(u) 2 
1 Y’j + (2’1 + 2 > s(v), which is not possible. 1 
Of course, at least two steps are required for a vertex of maximum score 
in a given partite set of a (strongly connected) n-partite tournament (n 2 3) 
to indirectly defeat another vertex in the same partite set, implying that 
such a vertex indirectly defeats every other vertex in the same partite set in 
two, three, or four steps. 
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